In this work a new class of numerical methods for the BGK model of kinetic equations is introduced. The schemes proposed are implicit with respect to the distribution function, while the macroscopic moments are evolved explicitly. In this fashion, the stability condition on the time step coincides with a macroscopic CFL, evaluated using estimated values for the macroscopic velocity and sound speed. Thus the stability restriction does not depend on the relaxation time and it does not depend on the microscopic velocity of energetic particles either. With the technique proposed here, the updating of the distribution function requires the solution of a linear system of equations, even though the BGK model is highly non linear. Thus the proposed schemes are particularly effective for high or moderate Mach numbers, where the macroscopic CFL condition is comparable to accuracy requirements. We show results for schemes of order 1 and 2, and the generalization to higher order is sketched.
Introduction
This paper presents a new class of numerical schemes for the integration of the BGK model of kinetic equations. The schemes proposed here evolve implicitly the distribution function, which is the main variable in kinetic models, while computing an explicit evolution of macroscopic variables. Thus the schemes are explicit in the space time domain, while being implicit in phase space. With this technique, the Maxwellian equilibrium distribution is evolved explicitly, under a macroscopic CFL stability restriction, thus eliminating the main non linearity of the BGK model. Next, the evolution of the distribution function, containing non equilibrium information, is computed implicitly, solving an algebraic linear system of equations, which turns out to be well conditioned. In this fashion, we remove the stiffness due to small relaxation times and to high microscopic velocities. In the following, we illustrate the motivation and the background of the present work.
The BGK model [10] is an approximation to Boltzmann's equation which is the main tool for modeling rarefied gas regimes, characterized by a fluid behavior far from equilibrium conditions. In Boltzmann model, the fluid can be interpreted as a set of particles interacting through collisions. In the rarefied regime, the Knudsen number Kn, defined as the ratio between the mean free path λ of the particles and the characteristic dimension of the problem L (Kn = λ/L), is relatively large. Since equilibrium is approached through collisions, a large Knudsen number indicates a slow relaxation towards equilibrium. main drawback of IMEX schemes for the BGK model is the fact that the stability condition depends on the fastest microscopic velocities of the grid, the high energy modes of [17] . This paper addresses also this convective stability restriction. The advantage of such IMEX schemes for the BGK model is that they can be proven to satisfy the AP (Asymptotic preserving) property defined in [29] .
In the methods we propose here, we evolve explicitly in time the macroscopic variables, with a CFL stability restriction linked to the macroscopic velocity and local sound speed. The fluxes of the macroscopic equations are kinetic, but the fast microscopic modes are weighted with the corresponding values of the distribution function, and therefore their influence is limited, as in [17] . This allows to obtain the local Maxwellian explicitly, thus removing the non linearity of the BGK model. Once the Maxwellian is known, the BGK equation is linear in the distribution function f and can be integrated implicitly in time easily, at least for a first order scheme. At second order, even though the BGK equation is linear in f , the numerical flux functions are non linear to prevent the onset of spurious oscillations, see [33] . Here we describe a technique to obtain semi-linear numerical fluxes, which avoids the need to solve non linear systems of equations, as it occurs in current non oscillatory implicit schemes for conservation laws, see [22] . See also [20] for splitting fast and slow modes to address the stiffness of weakly compressible flows.
In many flows of physical interest, kinetic and hydrodynamic regimes co-exist, and recent multiscale approaches seek to solve the whole problem with a domain decomposition technique, where a hydrodynamic solver is used in equilibrium regions, while a kinetic solver is switched on in non equilibrium regimes. In [19] and [21] the kinetic model is given by the BGK equations, while the scheme for the hydrodynamic region can be any Euler solver. In [2] the ES-BGK model is used as an interface between equilibrium and highly non equilibrium regions, where the full Boltzmann equation is solved. In these cases, the present MiMe schemes provide the correct match for the hydrodynamic solver, since they permit to use the same time step all over the computational domain. Moreover, the BGK model can be used to remove the stiffness of the Boltzmann collision integral for small Knudsen numbers, [23] . In this case too MiMe schemes could provide a useful computational tool.
Finally, our MiMe schemes present similarities with the Micro-Macro approach of [32] . In that work the kinetic BGK system is split into an equilibrium (Maxwellian) and a non equilibrium equation, through the introduction of a projection operator on equilibrium and non equilibrium contributions. In our case, this projection is not needed, because the whole kinetic BGK equation is evolved, rather than computing and evolving the non equilibrium part. This permits to match easily the collisionless limit of high Knudsen numbers.
The paper is organized as follows. In Section 2 the BGK model is reviewed. The new MiMe schemes are described in Section 3, with details for the first and the second order case. We discuss the asymptotic behavior of MiMe schemes and of the IMEX scheme of [42] in §4, presenting also the space-time discretization of the schemes resulting for small Knudsen numbers, and discussing the AP property of the time discretization. Numerical results obtained with MiMe schemes are presented in Section 5, with a discussion on the entropic behavior of the schemes and the condition number of the implicit system. Finally, we end with a summary and perspectives for future work.
The BGK model
In this section, we introduce the equations defining the BGK model, recalling their main properties. For simplicity, we only consider the classical BGK model introduced in [10] , using the notation of [16] and [34] . The scheme can be easily extended to more general BGK models.
We consider the initial value problem:
f (x, v, 0) = f 0 (x, v) ≥ 0 given initial data.
We consider a monoatomic gas, which, in the general case, gives d = 3 and N = 3. In the 1D case, d = 1, N = 3 and ∇ x = (∂ x1 , 0, 0). In (1) M f is the Maxwellian obtained from the moments of f , namely:
M f (x, v, t) = ρ(x, t) (2πRT (x, t)) N/2 exp − v − u(x, t) 2
2RT (x, t) .
The quantities ρ, u and T are respectively the macroscopic density, velocity and temperature of the gas, and they are obtained from the moments of f , defined below. Given any function g : R N → R, let g be the quantity R N g(v) dv; if g : R N → R p , p > 1, we still denote by g ∈ R p the vector whose components are given by g i . The moments of f are defined by   ρ m E   (x, t) = f (x, v, t)φ(v) , with
Here m is momentum, so that the macroscopic velocity is simply u = m/ρ, while E is the total energy, and the temperature is obtained from the internal energy e, through the relations: ρe = E − 1 2 ρ||u|| 2 , e = N RT /2. In many applications, N = 3 which corresponds to a monoatomic gas with three translational degrees of freedom. In our tests, for simplicity, we will choose instead N = 1, as in [16] . This corresponds to a gas with a single degree of freedom, so that e = RT /2. The only difference with respect to a physical monoatomic gas appears in this rescaling of the temperature, which results, at equilibrium, in a γ-law gas, with γ = 3, where γ is the ratio of the specific heats. With this choice, all velocity integrals will be evaluated in R instead of R 3 . Another approach to reduce the computational complexity of the velocity integrals, while maintaining the physical properties of the gas, has been introduced in [15] and used, among others, in [8] and [50] .
The parameter τ is the relaxation time, and it is a macroscopic quantity, i.e. τ = τ (x, t). The collision frequency is τ −1 . In [8] , τ −1 = A c ρ, where A c is a given constant. In [34] the relaxation time is given by τ −1 = CρT 1−ω where ω is the exponent of the viscosity law of the gas (for example, for argon one has ω = 0.81).
In our tests, we will consider the adimensional case, for which:
and we will take C = 1 as in [16] . However, we will write the scheme allowing for a dependence of τ on macroscopic variables. The first macroscopic moments of f are conserved, in the sense that:
Moreover, it is well known that for the BGK model an entropy principle holds, namely:
the equality holding only for f = M f . A numerical scheme for (1) should be able not only to yield an accurate solution to equation (1) , but also to satisfy the conservation equations and the entropy principle in some discretized form. Moreover, it is important that the scheme preserves the asymptotic limits of the BGK model. For τ → 0, f → M f , and the conservation laws (4) decay to the closed system of the compressible Euler equations of gas-dynamics.
For small values of τ , non equilibrium effects are still present, but a Chapman Enskog expansion shows that the asymptotic limit in this case coincides with the Compressible Navier-Stokes (CNS) equations, although the standard BGK model does not provide the correct Prandtl number. The correct asymptotic ratio between viscous and thermal effects is recovered by the ES-BGK model, see [5] . We will show that the scheme we propose naturally preserves the Euler limit of the BGK model and is consistent with the CNS asymptotics in §4, see also [9] .
The BGK equation (1) is stiff if the relaxation time τ is small. Thus an explicit time integration of (1) would require very small time steps close to the hydrodynamic limit. On the other hand, the equation is highly non linear, so that an implicit solver might be computationally expensive. In [42] we have proposed an effective way to circumvent the stiffness of the collision term computing the Maxwellian explicitly and thus reducing the source term in (1) to a linear operator on f that can therefore be easily treated implicitly. This result has been obtained exploiting the properties of Implicit-Explicit (IMEX) schemes [31] . The application of IMEX schemes to the BGK equation is quite natural if the main stiffness of the problem is due to the relaxation term. This is the case of small relaxation times, when the flow is close to the hydrodynamic regime.
Another source of stiffness in (1) is due to the presence of high velocity modes in the convective term. The present work wishes to address both the convective and the relaxation stiffness of (1), without loosing the computational efficiency of [42] . The schemes outlined in [42] derive their time step restriction from the explicit part of the IMEX pair. Since the explicit part solves a linear convection problem, the time step restriction is given by the fastest modes in the convective terms, and these are given by the fastest microscopic velocity in the velocity grid. On the other hand, the fastest modes correspond to small values for f , thus it is quite natural to suppose that the macroscopic flow will not depend strongly on the fast velocity modes, see also [17] . For this reason, we would like to have a less severe CFL restriction, linked only to the macroscopic scales of the BGK equation. Furthermore, we want to keep the simplicity of the BGK-IMEX schemes [42] in the evaluation of the Maxwellian. More precisely, we want to build schemes which are AP (Asymptotic Preserving) in the sense of [29] , i.e. schemes which are linear in the stiff non-linear terms, and that satisfy the correct asymptotics for small Knudsen numbers.
MiMe implicit schemes
The system (4) forms a non closed system of conservation laws, because the fluxes cannot be written as functions of the conserved variables. For the simple case of N = 1 (one degree of freedom in velocity space), the conservation laws can be written as:
These equations are not closed, because the energy flux depends on the unknown distribution f . For the case N > 1, even the momentum flux cannot be written as a function of conserved variables, but still the structure of the system is similar. Note that the dependence on the high velocity modes is weighted by the distribution f , which decays fast for large values of |v|. Thus we expect that the evolution of the macroscopic variables depends only weakly on the fast velocity modes. We rewrite the system above as:
Since U and f are known at the beginning of each time step, we can integrate (7) using any available scheme for conservation laws, as long as we are able to estimate a stability condition and write a consistent numerical flux. To achieve this goal, we note that the eigenvalues of the Jacobian of this system of equations will converge to the eigenvalues of the Euler equation, as τ → 0. To quantify this statement, we write f as a micro-macro decomposition, namely f = M f + εg, where M f is as usual the Maxwellian corresponding to f , ε is a parameter of the same size of the Knudsen number, measuring the size of the relaxation time, and thus εg is the non equilibrium correction to M f , which is not necessarily small, see for instance [9] . Introducing the peculiar velocity c, such that v = u + c, the last component of the flux can be written as:
since the third order moment of the Maxwellian is zero. It follows that the flux can be written as:
where JF is the Jacobian of F computed with respect to the variables U only. Thus the eigenvalues of the Jacobian can be computed as in the compressible Euler equations, within an approximation of order ε, as:
is the local speed of sound, where in our simplified case γ = 3. Thus the approximation to the macroscopic CFL will be given by α = max x (|u| + C), and the stabilization of the numerical fluxes will rely on the estimate of the Jacobian of F, based on JF.
To construct a numerical flux function for equation (7), we need details on the solution of the Riemann problem for our kinetic flux function. A simpler approach is to use an approximate Riemann solver, which allows to construct a numerical flux, without the need to actually solve the Riemann problem. Some simple choices for the numerical flux will be given below.
Once the macroscopic equation has been integrated, the updated values of the moments are available. With these, we can compute the Maxwellian at the new time level. Note that in this fashion, the Maxwellian at the time t n+1 is computed with the macroscopic CFL, without solving non linear equations. We now turn to the equation for f . We consider a generic implicit numerical scheme, such that the evolution of f will be computed as:
We note that we have already computed M n+1 f
. For a first order scheme, this is enough to provide a linear dependence of H ∆t on f n+1 . For a higher order scheme, H ∆t can depend non-linearly on f n+1 , but more details will follow. For the time being, we are ready to outline the structure of MiMe schemes for the BGK equation:
1. Solve the macroscopic equation (7) with any explicit Runge-Kutta scheme, using the stability estimate α for the CFL. Obtain the macroscopic moments U at the new time t n+1 .
Compute the updated Maxwellian
, using the new moments U n+1 .
3. Solve for f n+1 the time-discretized equation for f , (9) .
Note that, unlike [9] , we solve the macroscopic equation and the full kinetic equation for f . This avoids the need to compute the linearized collision operator and its projections.
Before describing the complete structure of the schemes we propose, we first define the computational grid. We consider a velocity grid defined on Gauss Hermite nodes, centered around typical values of the macroscopic variables appearing in the initial condition. In this case, the grid is non uniform, and the quadrature for the velocity integrals is a Gaussian quadrature; for the details, see [1] . We will denote by v k , k = 1, . . . , N v the generic velocity node of the velocity grid. The discretization in space is based on a uniform discretization, with mesh spacing h. We will not address the difficult problem of boundary conditions in this work, but we will consider compactly supported initial data, with free flow boundary conditions. The generic node in space will be labelled as x j , j = 1, . . . , N x . The grid value of a macroscopic variable will be denoted as U(x j , t n ) = U n j , while the function f in phase space evaluated at a grid node will be written as f (x j , v k , t n ) = f n kj . The moments of f computed with the velocity quadrature rule will be written as:
where v k and w k are the nodes and weights of the quadrature rule. Finally, λ = ∆t/h will denote the mesh ratio.
First order MiMe scheme
We start from the first order MiMe scheme. The integration of (7) is carried out with the explicit Euler scheme while the space discretization is written in conservation form. Thus:
where F j+1/2 is the numerical flux function, which is a function of the values of the solution across the interface F j+1/2 = F (U j+1 , q j+1 ; U j , q j ). With this formulation, the macroscopic moments computed in (10) are exactly conserved, because they are computed with a conservative scheme. So, provided that the numerical solution converges under grid refinement, then the limit solution is a weak solution of (7) by the Lax-Wendroff theorem.
The simplest numerical flux function is based on Lax Friedrichs flux splitting:
The functions F + and F − are estimates of the positive and negative parts of the flux and are given by:
In this fashion, the simple estimate α for the local CFL will also provide the means to write a numerical flux function for the kinetic flux. Here, α can be computed as a function of x and t as α(x, t) = |u(x, t)| + C(x, t), giving the Local Lax Friedrichs flux splitting, or we can choose a global value for α as α(t) = max x (|u(x, t)| + C(x, t)), yielding the Global Lax Friedrichs flux splitting, which will be used in most of our tests. Lax Friedrichs numerical flux is very robust and simple, but it is quite diffusive. In this work we also considered the less diffusive HLL flux, see for instance [46] . In this case:
where s + j+1/2 and s − j+1/2 are estimates of the local characteristic speeds, namely:
The literature on numerical flux functions is huge [46] , and many other choices are possible. Another interesting possibility is the kinetic flux splitting used, among others, in [9] or [48] . Once the updated macroscopic moments are available, we compute a discrete Maxwellian as:
This is an approximate Maxwellian in the sense that φM U Nv ≃ U, with an error depending on the accuracy of the quadrature rule. To achieve the equality sign, it is necessary to compute an exact discrete Maxwellian as in [34] . However, in general the difference between the approximate and the exact discrete Maxwellians are much below the truncation error of the scheme, expecially when the moments are computed with Gauss-Hermite quadrature, see also [1] and Tables 4 and 5 . From the updated moments, we also compute the new relaxation time τ ). We can now integrate the equation for f . We obtain a system of N v partial differential equations. Note that only the equations corresponding to high velocity nodes, i.e. values of v k such that |v k | > α need to be integrated implicitly. Accordingly, let θ k = 0 if |v k | ≤ α while θ k = 1 if |v k | > α. The discrete (in time and velocity) equation for f is:
Finally, the space discretization is given by first order upwinding. Let v
. Then the first order scheme for f takes the form:
The implicit scheme is linear in f n+1 and can be rewritten as:
Thus the coefficient matrix of the algebraic system is tridiagonal. Its structure will be more complex in the general N > 1 case, but it still enjoys a high degree of sparsity. We will see in the numerical results section that the condition number of the matrix arising from system (16) is small, so that an iterative linear solver will converge in a few iterations. Note also that the implicit equations will be solved only for the fast microscopic velocities, for the first order scheme.
Second order MiMe scheme
To extend these ideas to higher order schemes, we will illustrate mainly the second order case, where most of the difficulties already appear. For simplicity, we will suppose that the time integration will be implicit for all velocity nodes. The integration of the macroscopic equation (7) will be carried out with a ν stages explicit Runge-Kutta scheme:
where the numerical fluxes at the i-th stage require the predictor steps:
where the coefficients b i , i = 1, . . . , ν and a i,l , i, l = 1, . . . , ν define the ν stages of the Runge-Kutta scheme.
Here we are using an explicit Runge-Kutta scheme, so a i,l = 0 for l ≥ i. The evaluation of the numerical flux F at the i-th stage requires knowledge of the distribution function f (i) , which is not available. It is well known, see [26] , that each explicit Runge-Kutta scheme can be written as a combination of explicit Euler steps:
where the coefficients α i,l ≥ 0 and β i,l ≥ 0 can be computed from the coefficients b i and a i,l of the usual Butcher tableaux. Clearly, for consistency, l α i,l = 1, so (19) shows that each U (i) is obtained as a convex combination of i forward Euler steps. It is the particular combination of these Euler steps that yields the desired accuracy, see [26] . In our case, we are interested in a second order scheme. In particular we choose the TVD second order Heun scheme which can be written in the form (19) as follows:
To compute U (2) we need only information available from the previous time step. Note that U (2) is obtained evolving U
(1) for a single Forward Euler step with time step ∆t. Then from U (2) we compute
), and we evaluate f (2) with Backward Euler as:
is available at the same time level of U (2) . With this information, the numerical kinetic fluxes F (2) can be computed giving the macroscopic moments U n+1 through the last equation of (20), completing the update of macroscopic variables.
The space discretization is again based on the construction of a numerical flux except that the numerical flux is now applied to reconstructed values at the cell edges, namely:
where U + j+1/2 and U − j+1/2 are the solution values extrapolated to the cell edges, with, for instance, a piecewise polynomial reconstruction, matching the accuracy of the Runge-Kutta scheme. For second order accuracy, we use a piecewise linear reconstruction:
where σ j is a non oscillatory reconstructed slope, for instance:
where MM denotes the MinMod function, see [33] . The same reconstruction is applied on q. This piecewise linear reconstruction is second order accurate on smooth flows and away from extrema, where the limiter built in the MinMod function degrades accuracy to first order. This mechanism prevents the onset of spurious oscillations, which might develop with shock formation, see again [33] . In conservation laws, one would reconstruct only conserved variables, namely, density, momentum and total energy. Here however these variables are not enough to define the flux, and a new macroscopic variable needs to be reconstructed, in this case, the heat flux.
To update the distribution function, we distinguish between the stage values of f which must be computed during the advection of macroscopic variables, and the actual update of f after the new Maxwellian has been computed, at the end of the integration of the macroscopic conserved variables. Again, we consider the second order case.
The stage values are computed with the implicit Euler scheme. This scheme is highly diffusive and limiting may not be necessary. When this is the case, as for the smooth test used for the convergence history of the scheme, the slopes are obtained with central differences:
Then, using second order implicit upwinding, and recalling that v
we find the linear system:
Thus f (2) is first order accurate in time and second order accurate in space. Note that the coefficient matrix is now pentadiagonal: as usual, when accuracy increases, the sparsity of the system decreases. This approach however may lead to spurious oscillations when discontinuities in space arise. To prevent this problem slopes should be limited; however, the use of slope limiting introduces nasty non linearities which require a non linear solver for the resulting system of equations, see [22] . To avoid this problem, we first estimate f (2) withf (2) computed with a first order accurate in space upwind scheme. Thus,f (2) is non oscillatory but it is only first order accurate. We use this estimate to compute the stencil used by the MinMod function applied tof (2) . In this fashion we obtain a semi-linear recipe to compute the limited slopes. More precisely, let f be the unknown function for which the limited slopes are needed, and letf be the predicted value of f which is used to compute the stencil. We construct the limited slopes as follows:
Note that σ(f,f ) is linear in f and it is a first order accurate approximation of the slope of f away from extrema.
We introduce the space difference operator L h (f, σ(f,f )) which approximates hv · ∇ x f :
We are now ready to compute the stage value f (2) which is given by the linear system:
U .
This completes the second order space-time discretization of the scheme for macroscopic variables. Next, the update values f n+1 are computed with Crank-Nicolson scheme, which has a small amplitude error even at high CFL's. Since this scheme has no dissipation, limiting the slopes is recommended, and the limited slopes are computed via (24) using the already available f (2) as predictor, namely σ = σ(f n+1 , f (2) ). Therefore,
In this fashion, we still obtain a linear system of equations for the grid values of f n+1 .
Remark 3.1 (Limiting) Limiting is necessary for the piecewise linear reconstruction of macroscopic moments in the second order scheme, while integrating the macroscopic equations. If limiters are omitted, spurious oscillations do develop in the presence of singularities in space in the solution. In our tests, limiting is not crucial in the evaluation of the slopes of the distribution function f in the Crank Nicolson update of f n+1 , although this might be problem dependent, while in our experience limiting is not necessary in the Backward Euler step to compute f (2) , because the implicit Euler scheme provides enough dissipation to contrast the onset of oscillations.
Remark 3.2 (Higher order) To achieve high order, we must match the order of the space and time discretizations. High order explicit Runge-Kutta can be used for macroscopic variables, in the form (19) , finding the corresponding values of f (l) through Backward Euler integration with suitable time steps depending on the coefficients of the scheme. The numerical kinetic fluxes F (l) will be computed using high order non oscillatory space reconstructions, such as WENO or ENO. Finally f n+1 can be computed through a BDF or a Diagonally Implicit Runge-Kutta scheme.
Realigning moments
In regimes close to equilibrium, when τ ≪ 1, the microscopic equation for f reduces to a relaxation to the local Maxwellian. Thus, the macroscopic equations become a closed system of equations for the moments U. When we are far away from equilibrium the moments U do depend on f and not only on the Maxwellian. However, in the schemes described so far we have
To force dependence of U n+1 on f n+1 , we correct the moments obtained by the macroscopic equations by computing the moments of the new distribution function. Namely:
This operation will be called moments realignment and it enforces a stronger coupling between f and its moments. Since this operation is necessary only away from equilibrium, we perform moments realignment following an adaptive strategy. We define the local Knudsen number as in [11] :
and we set
When K(t) is larger than a given tolerance T OL, moments realignment is performed. A local in space adaptive strategy would introduce spurious singularities in the moments and therefore it might produce small oscillations. We end this section reporting a sketch of the two algorithms just described.
Algorithm 1 MiMe1 (7) with (10) • Update the relaxation time τ n+1 and the Maxwellian M n+1 f .
• Compute f n+1 via (16)
• If needed, realign moments: • Compute f n+1 via (27) • If needed, realign moments:
BGK schemes and Navier-Stokes asymptotics
In this section we wish to prove that the schemes proposed in this work become schemes for the Compressible Euler equation for Kn → 0, while they are consistent with the Compressible Navier Stokes (CNS) equations for small Kn. The key aspect here is the time discretization, since it is at this level that the macroscopic and the microscopic equations are coupled. Thus, for simplicity, we will compute the asymptotics for the semidiscrete in time version of the scheme. More precisely we will compute the asymptotic behavior for the first order in time IMEX scheme of [42] , since this was not considered in our previous work, and for the first order in time MiMe scheme, with and without moments realignement. For completeness, we will also compute the space discretization the scheme reduces to for small Knudsen numbers, and the behavior for time steps much larger that the relaxation time, when the initial layer is not resolved. As in [9] , we consider a constant relaxation time, and we write instead of τ , ετ , where ε = Kn is the small parameter. In this section, for simplicity, we will take the gas constant R = 1. With this notation, the CNS equations corresponding to one degree of freedom in the microscopic velocity are:
BGK-IMEX scheme The first order in time semidiscrete BGK-IMEX scheme of [42] can be written as:
From this, we find that the evolution equation for the macroscopic moments is obtained computing moments of (32), which gives:
We define the kinetic correction g (1) to the Maxwellian M (1) as:
(1) = 0. Substituting this expression in (32), we find the first order Chapman-Enskog correction to the Maxwellian, namely:
since M (1) = M n for this scheme, and the macroscopic equation (34) becomes:
Clearly, as ε → 0, eq. (36) becomes a semidiscrete approximation of the Compressible Euler equations, since vφM n is the macroscopic equilibrium flux. Denote with CE the vector of the Chapman-Enskog correction defined by the expression inside the parenthesis in the equation above. For the first component, φ = 1 and we find:
thanks to (34) . The second component of CE has φ = v and we find:
using the semidiscrete energy equation, we find:
n which now gives an O(ε) correction:
Finally, the third component has φ = 1 2 v 2 , and we note that there is no conservation law for 1 2 v 3 M , so we will expand this expression in time, namely:
where we have used the fact that v 3 M = ρu 3 + 3ρuT and v 4 M = ρu 4 + 6ρu 2 T + 3ρT 2 . Expanding the time derivatives, and using the evolution equation of conserved quantities, we find:
Thus the semidiscrete first order in time IMEX scheme is consistent with the equations:
which is consistent with the correct equation as ∆t → 0, within O(ε 2 ) terms.
MiMe scheme
We consider the first order in time semidiscrete MiMe scheme. In the first time step, we set U 0 = φf 0 , where
, where M (U) is the Maxwellian built with the moments U. Then the semidiscrete in time first order scheme can be written as:
In this case, M n and f n do not have exactly the same moments, but as ε → 0, f n → M n . Thus we can still decompose f in its equilibrium and kinetic part: f n = M n + εg n , but this time φg = 0. Still, we can compute the first order kinetic correction starting from the equation for f , finding:
Substituting the kinetic correction in the equation for the macroscopic quantities, we find that the first two components are exact, while for the third component:
so that we find the same expression of eq. (38) within O(∆t) terms. So again the semidiscrete scheme is consistent with the CNS equations for small ε.
MiMe scheme with moments realignement
This time, we consider the first order in time semidiscrete MiMe scheme with moments realignement. In this case, we are only given f n . The scheme can be written as:
Again, M n and f n do not have exactly the same moments, but as ε → 0, f n → M n . Thus we can still decompose f in its equilibrium and kinetic part: f = M + εg, but recalling that φg = 0. Still, we can compute the first order kinetic correction starting from the equation for f , and we find the same expression of (40) . Substituting the kinetic correction in the equation for the macroscopic quantities, we find:
We need to evaluate U n − U n . To this end, we compute moments of the evolution equation for f n+1 , and we subtract the result from the evolution equation for U n+1 , finding:
Substituting this information in the equation for the macroscopic variables, we have:
Since the kinetic correction g still has the same form as for the original MiMe scheme, the first term is consistent with the CNS equations for small ε, while the second term is O(∆t) and thus is of the same order as the truncation error of the scheme. On the other hand, if we consider the evolution equation for U, we have:
In other words, if ε → 0, we recover the evolution equation of MiMe scheme. If on the other hand ε is not too small, then the effect of realignement is to add an implicit term to the integration of the equation for macroscopic moments, thus increasing its stability region.
Space discretization and Chapman-Enskog expansion
In this subsection, we analyze the space discretization induced by MiMe first order scheme on the macroscopic equations, when ε is small. We rewrite the first order MiMe scheme with the Lax-Friedrichs numerical flux for the macroscopic equation, and the upwind discretization for the kinetic equation, i.e.
where the index j denotes the j-th space cell. Write f separating its equilibrium part as f = M + εg, supposing again that g is bounded, so that as ε → 0, f decays to its corresponding equilibrium Maxwellian. Then, the Lax-Friedrichs numerical flux can be written as:
where α is the discretization parameter of the Lax-Friedrichs flux, and φ(v) is the vector of collision invariants. Clearly, as ε → 0, the expression above reduces to the usual Lax-Friedrichs flux of the compressible Euler equations, irrespective of the kinetic equation. Thus, we recover, even at the level of the space discretization, a scheme for the compressible Euler equations. Note also that an analogous behavior would hold for the other numerical fluxes considered before. Let us split the macroscopic flux into its equilibrium and kinetic correction as
where F E is clearly the part that depends only on the Maxwellian, while F K is the part depending on g, Now, we wish to study the first order in ε kinetic correction. Substituting f = M + εg in (45), we find the first order kinetic correction:
Then the kinetic correction to the numerical flux can be written as:
In our approach, the first two components of the flux can be written entirely in terms of macroscopic variables. However, if we wish to emphasize the kinetic correction, we would have, for φ(v) = 1:
The two parenthesis are both first order discretizations of the momentum equation with an upwind kinetic flux, computed respectively in the cell j +1 and in the cell j. So both terms are O(∆t)+O(∆x). When we add this contribution to the macroscopic equation for the density, we must consider the flux difference, so that the kinetic contribution to the macroscopic equation is O(ε((∆t) + (∆x) 2 )) + O(ε 2 ). An analogous argument holds for the momentum equation, except that, in this case, the kinetic correction contains discretizations of the energy equation.
The energy equation has a kinetic correction to the numerical flux given by:
The evaluation of the integrals above is quite cumbersome. However it is easy to get a representation of the terms discretized by the expressions above. The second and the third line of the equation are first order discretizations of ∂ x v 4 M j+1 and ∂ x v 4 M j respectively, obtained with a kinetic flux splitting. Expanding M n−1 in time, we find:
We recall that, for one degree of freedom in velocity space,
Thus the kinetic correction to the evolution of the energy equation is:
which amounts to a first order in time, second order in space central discretization of the CNS heat flux.
AP property and large integration time steps
In this section we wish to investigate the convergence to the relaxed state, when the time step is much larger than the relaxation time.
We start from the space homogeneous case, since this property is essentially determined by the time discretization of the scheme. In this case, the BGK equation reduces to:
where again we have emphasized the dependence on the small parameter ε In the space homogeneous case, the moments are conserved, so U n+1 = U n , so that the Maxwellian is also conserved: M f n+1 = M f n . The first order scheme can be written as:
For ∆t >> ε, we expand in power of ε, obtaining:
independently of the initial data. Thus, when the time step is too large to resolve the relaxation process, the distribution function decays on the Maxwellian even for not well prepared data. For the second order case, the macroscopic moments are still conserved, together with all macroscopic dependent quantities. Starting again from (51), MiMe scheme reduces to:
Expanding again in ε, we have:
For well prepared data
, so that the scheme satisifes the weak AP property of [29] . The stronger AP property can be obtained using an L-stable time integrator, such as a DIRK scheme, instead of the Crank-Nicolson scheme. Note that moments realignement does not help. On the other hand, in the space non homogeneous case, extra diffusion in time is provided by the backward Euler advancement of f in the prediction of macroscopic variables, which drives the system towards equilibrium. As a matter of fact, well prepared data are not needed in the solution of Riemann problems with MiMe2 to converge to the correct compressible Euler solution, even for ∆t >> ε.
Numerical results
In this section we illustrate the characteristics of MiMe schemes using a few benchmark problems. We consider a smooth test problem, where the distribution function is locally Maxwellian, but with a macroscopic velocity depending on x (Test 1), see also [42] . Next we consider three Riemann problems. The first one (Test 2) was proposed in [16] . The second Riemann problem is Lax' Riemann problem, with γ = 3, which is a quite hard classical test problem in gas dynamics. In this case, we will also investigate the collisionless limit of the numerical solution. The third problem [9] yields a stationary shock, and it is useful to compute the shock structure and compare the kinetic and Compressible Navier Stokes solutions. Finally, a space homogeneous problem is considered, in order to investigate the dependence of the initial layer on Kn. 
with constant density ρ = 1 and temperature T = 1 and with
with σ = 10. Thus initially the distribution function f is smooth, with a localized perturbation in velocity, in a gas with a uniform density and temperature.
Test 2 Coron-Perthame Riemann problem. We take as initial data a distribution which is discontinuous in space:
with (ρ L , u L , T L ) = (2.25, 0, 1.125) and (ρ R , u R , T R ) = (3/7, 0, 1/6). This test is derived from [16] .
Test 3 Lax' Riemann problem. Again, we take as initial data a distribution discontinuous in space of the form (52), on the interval −3 < x < 3 and with the discontinuity located in the middle. In this case, the parameters in (52) are given by: 
The final distribution is the Maxwellian corresponding to the triplet (ρ ∞ , u ∞ , T ∞ ) = (12, 1.8583, 7.7476).
All computations performed here with MiMe schemes, have a time step given by ∆t = 0.9 h α where α(t) = max x (|u| + C). We recall that IMEX schemes of [42] are affected by a more severe CFL restriction, as there the time step is given by ∆t = 0.9 h v M v M being the largest microscopic velocity used in the computations. Finally, the CNS solver uses a time step given by
since, for Kn not too small the CNS solver becomes unstable unless the more restrictive parabolic CFL is used. Here T M and ρ M are the maximum temperature and density at a given time.
The α values and the largest microscopic velocities for the tests considered here are summarized in the following table: Therefore r measures the advantage in terms of number of time steps when MiMe scheme is used instead of a scheme such as BGK-IMEX which is explicit in the convective step. This gain is even more noticeable if one used a trapezoidal rule for quadrature in velocity space, since then the values of v M would be much larger. In fact, it is worth recalling that the use of a trapezoidal rule for computing integrals over R, requires a preliminar approximation of R with a finite interval, sufficiently large to disregard the tails of the distribution falling outside this computational domain. On the contrary, Gauss Hermite quadrature is already built for computing integrals over such an infinite domain, and this cut-off is not required.
Regarding the parabolic CFL restriction for the CNS solver, we remark that it becomes more and more restrictive as h decreases and/or Kn increases. For example, for the stationary shock (test 4): here, on a space grid with N x = 800, the time step for MiMe schemes is ∆t = 0.0070 independently of the Knudsen number, whereas for the CNS solver it is ∆t = 0.0070 for Kn = 0.01 and ∆t = 0.0012 for Kn = 0.1.
Test 1 permits to assess the convergence rate of MiMe schemes. As reference solution, we use the third order BGK3 scheme of [42] with 1280 intervals, and 21 nodes for the Hermite quadrature in velocity space. The results appear in Table 1 for the first order scheme, and Table 2 for the second order scheme. For a comparison, the tables contain also the corresponding errors obtained with the implicit-explicit (IMEX) first and second order BGK1 and BGK2 schemes respectively, from [42] . In the tables, the errors are measured with the L 1 norm; we find similar results with the L ∞ norm, see also Figure 1 . The IMEX schemes use the microscopic CFL, which is given by the fastest microscopic velocity in the Hermite grid, see the table above. The completely implicit MiMe schemes use the macroscopic CFL, which, for this test problem, allows to use time steps approximately 4 times larger. Even though the time step is considerably larger, the errors of MiMe schemes are definitely smaller than for the IMEX case in Table  1 . For the second order scheme, we use the adaptive strategy for moments realignment, which acts on the finest grids, only in the last time steps, when the density profiles become sharper. Also in this case the errors obtained with the second order MiMe scheme are considerably smaller than in the IMEX case. In Table 3 we report the corresponding CPU times. It is clear that MiMe schemes provide smaller CPU times than the IMEX BGK schemes, using the same space and velocity grid, thanks to the fact that a larger time step can be chosen.
N x

Mass
Momentum Energy Kn = 10 In these tables the error due to quadrature in velocity is much below the error due to the space and time discretization, even though the velocity nodes are relatively few. This is due to the high convergence rate of Gauss-Hermite quadrature formulas. To illustrate this fact, we include two tables reporting the behavior of the error on the finest grids in space and time, under velocity grid refinement. Tables 4 and  5 are computed for N x = 320 and N x = 640 respectively, refining only the grid in velocity space, i.e. increasing both the degree of the Gauss Hermite polynomials and the number of grid nodes on which the quadrature is based. They show that the refinement in velocity space acts only on the third digit of the error for Kn = 10 −1 , and its impact is even lower on smaller Knudsen numbers. The same behavior occurs for both values of N x shown. Thus, even on the finest space grids we are considering, the error due to space and time truncation is much larger than the error due to quadrature in velocity. For this reason, in all the following tests we will use a Gauss-Hermite formula with 21 nodes. We will further explore the behavior of the error under velocity grid refinement in the space homogeneous case in Fig.  5.1 . Tables 6 and 7 contain the errors in conservation for the first and the second order schemes respectively, for Kn = 10 computed evaluating the difference between total mass, momentum and energy at the initial and final times. Note that in all cases the errors in conservation are by far below the truncation errors of the scheme, and very close to machine precision. Thus, even though we are not using the exact discrete Maxwellian of [34] , we do not need a large number of velocity nodes to ensure conservation. This is again a consequence of the high accuracy of the Gaussian-Hermite quadrature used here, see also [1] , and of the discretization of the macroscopic equations with conservative numerical fluxes. Figure 1 shows the convergence history in the L ∞ norm on Test 1, under grid refinement in space and time, with N v = 21 nodes in velocity space. It is clear that both schemes have the expected order as the grid is refined, even though the accuracy of the quadrature formula in velocity space is fixed. Again, we note that, with these parameters, the error due to velocity quadrature is lower than the error in space and time. Figure 2 illustrates the influence of moments realignment. We plot for both the first and the second order schemes the temperature profiles for Test 2 for a large Knudsen number, Kn = 10 −1 . For the first order scheme moments realignment enhances convergence and reduces artificial diffusion (see top of Figure  2 ). For the second order scheme, the lack of moments realignment results in spurious oscillations on finer grids where gradients are sharper and therefore rarefaction effects are stronger. For smaller Knudsen numbers the influence of moments realignment is less evident and therefore is not plotted. From now on, we consider only moments realignment with T OL = 0.01. Figure 3 shows the temperature profiles on Test 2 for the first and second order schemes. The enhancement of the solution obtained with the second order scheme is evident for all grids. Also note the sharpness of the shock profiles in the hydrodynamic limit for the second order scheme.
We have observed that the distribution function f remains positive for both MiMe1 and MiMe2 on the smooth test. In tests involving Riemann problems, the second order scheme MiMe2 may exhibit small undershoots in f in the first time steps, when the discontinuities in the initial data are still strong. Figure 4 exibits the evolution of the negative minima of f with time for the second order scheme, and for relatively high Knudsen numbers. The spurious minima have maximum amplitude of order 10 it is clear that they are absorbed by the flow quite fast, and do not seem to depend strongly on the grid spacing. For smaller Knudsen numbers the decay of the spurious minima to zero may be slower, but on the other hand, the macroscopic behavior at this stage is mainly dictated by the local Maxwellian. The solution f obtained with MiMe1 instead has never exhibited spurious negative minima in the tests we tried, and in fact it is easy to prove from (16) that f n+1 remains positive, if f n is positive. An interesting quantity to monitor is the entropy, which gives indications on the dissipative properties of the schemes. Since the definition of the entropy requires, of course, a non-negative f , we must clip the spurious negative undershoots of f . Thus the entropy will be defined with the following relations:
so that f ln f is set to zero where f is negative. Figures 5 and 6 show the entropy decay in time for the first and the second order schemes in a smooth test (Test 1) and on a Riemann problem (Test 2).
In the smooth case ( Figure 5 ) the entropy decay is purely numerical in the hydrodynamic limit (see right of Figure 5 ). The decay is approximately linear in h for the first order scheme and clearly converges to zero faster for the second order scheme. In the kinetic regime the entropy dissipation converges from below to its asymptotic limit, again with a faster convergence in the second order case. The extra entropy dissipation with respect to the asymptotic solutions is due to the numerical dissipation of the scheme. For the Riemann problem entropy dissipation is nonzero even in the hydrodynamic regime due to entropy production across shocks. This appears clearly in Figure 6 in which the scale on the y axis has a wider range than in the smooth case. Still convergence occurs from below indicating that the schemes are entropy stable. Figure 7 contains the density profiles for the Lax shock tube problem in the hydrodynamic regime. This test is a classic benchmark for computational gasdynamic and it is known to be quite a hard problem. Both the first and the second order schemes reproduce the solution remarkably well even on the extremely coarse N x = 40 grid. The presence of small oscillations whose amplitude decreases under grid refinement is well known also for high order Euler solvers. Figures 8 and 9 show the density, macroscopic velocity, temperature and entropy decay for Kn = 10
and Kn = 10 −2 , respectively, for the second order scheme on Test 3. The coarse grid clearly gives very inaccurate results, which however improve if moments realignment is applied with a stricter tolerance. The bad behavior of the coarse grid is not surprising: a typical number of grid points for gas dynamics computations of this test is above 100 nodes. The plots give indications on the evolution of Lax initial data for a rarefied gas. It is interesting to see that the solution exhibits a rich structure which shows the need of limiters even in the rarefied regimes, and in fact the solution becomes unstable if the limiters are turned off. We also explore the high Knudsen behavior of MiMe schemes. Fig. 10 shows the collisionless solution of the Riemann problem of Test 2, in the limit of Kn → ∞. Note the presence of discontinuities in f which is particularly apparent on a fine velocity grid. The left panel of Fig. 11 shows the collisionless solution computed with a second order upwind flux which is clearly the solution that MiMe schemes will converge to for high Kn. On the right, we plot the solution computed by MiMe2 for Kn = 1. Since the computational domain is L = 1, this value of the Knudsen number corresponds roughly to one collision per unit time, and thus relaxation effects are negligible. It is apparent that MiMe2 is able to capture the correct free flow limit without oscillations. We think that the schemes easily capture the correct limit, because the whole distribution function is evolved with time, rather than only the kinetic projection, as occurs for instance in [9] .
In all the tests shown above, the numerical flux was the Lax Friedrichs numerical flux, given by (12) . This numerical flux is known to be robust, but highly diffusive. In Figure 12 we compare the solutions obtained with the Lax Friedrichs numerical flux in the macroscopic equations, with the solution obtained using the HLL flux (13) , which is less diffusive, for several Knudsen numbers and two values of N x . The figure shows that the profiles almost coincide in kinetic regimes, while the HLL flux gives distinctively less diffusive profiles for smaller Knudsen numbers. We will use the HLL flux for studying the approximation of the Navier Stokes regime, where a good resolution is a key aspect. However note that even the Lax Friedrichs flux gives good results.
Shock structure, CNS asymptotics and initial layer
In this section we study the behavior of MiMe kinetic schemes in the asymptotic regime of small, but not vanishing, Knudsen numbers. Figure 13 shows the shock thickness of the shock wave contained in the numerical solution of Test 2. To evaluate the shock thickness, we measure the length of the interval along which the central 80% of the jump in the shock is spread. On the left of Figure 13 to the values of h used, and they represent the limit under which the corresponding grid is not able to resolve the shock structure. It is apparent that the shock thickness decreases approximately linearly, as Knudsen is decreased below a certain threshold. The right of Figure 13 shows the linear regression line superposed to the data given by the finest grid. The agreement is excellent, and shows that the shock thickness is indeed a linear function of the Knudsen number in this regime. Figure 14 shows a comparison between the distribution function and the local Maxwellian, as a function of v within the three waves of the solution of the Riemann problem of Test 2. Results are obtained with MiMe2 on a space grid with N x = 320. In the most rarefied regime, top left, it is clear that the gas is still not in equilibrium in all cases. For Kn = 10 −2 the gas is almost at equilibrium in the rarefaction and contact waves, but still far from equilibrium within the shock. Local equilibrium in all three waves, with these data and with the resolution power of the grid used, is achieved only for Kn = 10 −5 (bottom right), when f coincides with the local Maxwellian even in the shock. We also explore the time length of the initial layer. We consider a space homogeneous problem (Test 5), and we plot the distance of f from the final steady Maxwellian M ∞ as a function of time, namely ||f (., ., t) − M ∞ (., ., t)||, for several values of the Knudsen number. The results shown in Figure  15 correspond to data obtained with MiMe1 and MiMe2 on a space time grid with N x = 200 and ∆t = 6.6667 · 10 −4 , and are very similar. From each curve, it is possible to derive the corresponding half-life of the transient, which is approximately linear in the Knudsen numbers, as long as the Knudsen number is large enough to be resolved by the time step used.
In this test problem, the dependence on the velocity grid can be studied, without the influence of the space discretization error, which in our tests, is always larger. Fig 5.1 shows the convergence of the error under velocity grid refinement. As expected, the rate is exponential, as shown by the excellent fit with an exponential rate on the right of the figure.
Finally, we compare the results obtained by the kinetic scheme, with a Compressible Navier Stokes solution on a stationary shock. In Figure 17 , the dashed line represents the shock solution given by the Compressible Euler equations, the solid line is the numerical solution of the CNS equations (31), obtained with an explicit discretization based on the HLL flux for the convective terms, and a centered formula for the diffusive term. The remaining curves are obtained with MiMe2, also with the HLL flux, on the BGK equations, for several grids. For Kn = 0.1, the solution is still kinetic, and converges towards a 
Condition number
Finally, Figure 18 shows the behavior of the condition number of the matrices defining the linear systems (16) and (23) as a function of microscopic velocity values for a fixed h (N x = 320, left) and as a function of h for a fixed v (v = max k |v k |, right), for several Knudsen numbers and for both the first and the second order schemes. Here both schemes are fully implicit, with θ k ≡ 1. It is clear that, for a fixed space grid, the condition number increases as v increases, but still remaining small in all cases, and actually approaching 1 in the hydrodynamic regime. On the other hand, for a fixed value of v, the conditioning of the matrix gets worse as the grid is refined, though the increase is by far sub-linear, and again the actual values remain small. Despite these data are obtained on problems with one degree of freedom in velocity, these results can be generalized to fully 3D problems simulating a real monoatomic gas. In fact the general case contains the sum of three velocity operators which have the same structure and therefore the same eigenvalues of the 1D problem. The coefficient matrix for the fully 3D case will have a banded structure requiring the use of iterative solvers. However these results show that the resulting matrix is well-conditioned and therefore the system is easily solvable e.g. with a few GMRES iterations.
Conclusions and perspectives
In this work, we have presented first and second order accurate schemes to integrate the BGK kinetic model. The schemes proposed are characterized by evolving the macroscopic variables explicitly and the distribution function implicitly (MiMe schemes). With the technique proposed, the evolution of the local Maxwellian is computed explicitly, and therefore the system of equations for the implicit values of the distribution function becomes linear. Moreover, the whole construction is subject to a stability restriction linked to the macroscopic velocity and sound speed, which coincides with the classical CFL condition of Euler equations. For this reason, the schemes proposed are particularly indicated for hybrid schemes based on a domain decomposition in which the BGK model is used to solve the problem in rarefied regimes, while Navier-Stokes or Euler are used for small Knudsen numbers [19, 21, 2] : MiMe schemes allow to use the same time step in the whole computational domain, thus minimizing spurious interface effects.
Another aspect we wish to underline is the treatment of implicit limiting in the second order MiMe scheme. It is well known that second and higher order schemes must be non linear, even for the linear advection equation, to prevent the onset of spurious oscillations in the presence of discontinuities. This fact has always hindered the application of implicit time integration for conservation laws, since non linear limiting would result in a non linear system of equations, see for instance [22] . We believe that the technique adopted here, based on lower order prediction to determine non oscillatory stencils, might be of interest also to develop implicit schemes for conservation laws with stiff propagation speeds, as in low Mach number gas dynamics, see for instance [20] . A work in this direction is in preparation.
Further investigation will involve two dimensional problems and a more realistic 3D space for the microscopic velocities, taking into account the reduction of variables found in [15] , and the extension of the scheme to the ES-BGK model, where the stiffness due to the relaxation term has already been addressed in [24] and [2] .
